We propose the ZQ Berry phase as a topological invariant for higher-order symmetry-protected topological (HOSPT) phases. It is topologically stable for electron-electron interactions assuming the gap remains open. As a concrete example, we show that the Berry phase is quantized in Z4 and characterizes the HOSPT phase of the extended Benalcazar-Bernevig-Hughes (BBH) model, which contains the next-nearest neighbor hopping and the intersite Coulomb interactions. Furthermore, we introduce the Z4 Berry phase for the spin-model-analog of the BBH model, whose topological invariant has not been found so far. We also confirm the bulk-corner correspondence between the Z4 Berry phase and the corner states in the HOSPT phases.
Introduction.-Topological phases of matter, distinct from the conventional phases in that they are not characterized by the local order parameter but by the topological order parameter, have been one of the central topics of the condensed matter physics. Even ten years after the celebrated ten-fold-way classification [1] [2] [3] of the topological insulators/superconductors (TIs/TSCs) [4, 5] , the notion of topologically nontrivial states in non-interacting fermions has greatly extended its scope by incorporating the crystalline symmetries [6] [7] [8] [9] [10] [11] [12] . It was further revealed that short-range entangled quantum many-body states can also host topologically nontrivial state protected by symmetries, and they are now unified by the notion of symmetry protected topological phases (SPT phases) [13] [14] [15] [16] .
Among various newly-introduced topological states of matter, higher order topological insulators (HOTIs) have a distinctive feature in that the topologically protected boundary states, inherent in the topologically nontrivial states [17, 18] , appear at the boundaries with codimension larger than one. The concept of the HOTIs was first proposed in the models on hypercubic lattices, where so-called multipole insulators are realized [19] [20] [21] . Remarkably, these models host zero-dimensional corner modes under the open boundary conditions in all directions, which coincide with the quantization of the bulk multipole moment under the periodic boundary conditions. This kind of HOTI states was also found in breathing kagome and pyrochlore lattices [22] [23] [24] [25] . Together with these theoretical developments, experimental realization of the HOTIs has also been intensively pursued both in solid-state systems [26] and artificial materials [27] [28] [29] [30] .
So far, to identify the HOTI phase, several topological invariants have been proposed, such as the nested Wilson loop [20, 24] , the quantized Wannier center [22] , the entanglement polarization/entropy [31, 32] and the multiple moment in the unit cell [33] . The K-theoretic classi- * araki@rhodia.ph.tsukuba.ac.jp fication was also proposed [34] . Yet, not many examples are known to be applicable to the quantum many-body analog of the HOTI phase, or the higher-order symmetry protected topological phase (HOSPT phase) [35] [36] [37] , which includes not only interacting fermion systems but also spin (bosonic) systems. It is therefore highly desirable to find a topological invariant which can be used to identify the HOTI and HOSPT phases, ranging from noninteracting fermion systems, to bosonic/fermionic manybody systems.
In this Letter, we propose that the quantized Berry phase with respect to the local twist of the Hamiltonian characterizes the HOTI and HOSPT phases. In the literature, the quantized Berry phase has been known to serve as an topological invariant for various SPT phases, including both non-interacting systems and quantum many-body systems [38] [39] [40] [41] [42] [43] [44] [45] . The key observation in those examples is that, finite Berry phase indicates that the ground state is adiabatically connected with the "irreducible cluster state", which cannot be decomposed in to the smaller elements under the symmetries which protect the topological phases. The aim of this Letter is to demonstrate that the HOSPT state can also be connected to the irreducible cluster state, and that the characteristic higher-order boundary states can be obtained by "amputating" the clusters at the boundary. As such, the quantized Berry phase serves as a topological invariant for the HOSPT phase, similarly to the conventional SPT phases.
As a concrete example, we employ the seminal model of the HOTI introduced by Benalcazar-Bernevig-Hughes (BBH) [20] with the additional next-nearest-neighbor (NNN) hopping term. We show that four-fold rotational (C 4 ) symmetry gives rise to the Z 4 Berry phase. We then extend our target to the many-body analogs of the BBH model, namely, the BBH model with the intersite repulsive interaction and the spin-model analog of the BBH model, which are the platforms of the HOSPT phases. In both of these two models, the correspondence between the Z 4 Berry phase and the gapless corner excitation for the finite system is confirmed, which clearly demonstrates 
H N N represents the NNhopping term, and t ij = t 1 (t 2 ) for bonds colored in black (red) in Fig. 1(a) . The phase factor e iαi,j is chosen such that the π-flux is inserted to every square plaquette, which is essential to obtain the bulk energy gap [46, 47] . We set α i,j = π/4 along the arrows shown in Fig. 1(a) to explicitly represent the C 4 symmetry. Note that H N N is equivalent to the original form shown in Ref. 20 , which seemingly lacks the C 4 symmetry, under the gauge transformation. For convenience, we label the square plaquettes in three types: type-I, where all bonds have the hopping amplitude t 1 , type-II, where all bonds have the hopping amplitude t 2 , and type-III, where two of four bonds have the hopping amplitude t 1 and the rest have t 2 . Then, in the NNN-hopping term H N N N , u ij is set according to the type of the plaquette to which the NNN bond belong, namely, u ij = t 1 , t 2 , and (t 1 + t 2 )/2 if the bond (i, j) is in the type-I, type-II and type-III plaquettes, respectively. The parameter λ in H N N N controls the ratio between H N N and H N N N . We emphasize that the model with finite λ has the C 4 symmetry but broken chiral symmetry. In the following, if not mentioned otherwise, we consider the case of half-filling. Now, let us define the Berry phase with respect to the local twist of the Hamiltonian [48] . The local twist is introduced in the following manner. To begin with, we rewritten H 0 as H 0 = η=I,II P ∈type−η h P , where h P is the Hamiltonian of the plaquette P . We choose one of the square plaquettes P 0 which belongs to either type-I or type-II. We then prepare three parameters Θ = (θ 1 , θ 2 , θ 3 ), and modify h P0 in such a way that h P0 (Θ) = − ij ∈P0 t ij e iαi,jc † ic j −λ ij ∈P0 u ijc † ic j , wherec j := e iϕj c j with ϕ j = j q=1 θ q for j = 1, 2, 3 and ϕ 4 = 0. Note that the Hamiltonians on all the other plaquettes are not changed. We write the total Hamiltonian with the twist as H(Θ) := h P0 (Θ) + P =P0 h P . The Berry phase for the parameter space is defined as a contour integral of the Berry connection,
where |Ψ(Θ) represents the many-body ground state for H(Θ). For non-interacting fermions, |Ψ(Θ) can be obtained by occupying all the single-particle states having negative energy. The Berry phase for the present model is quantized in 
for j = 1, 2, 3, 4. In the following, we omit the index j since γ η j does not depend on j as shown above. The quantized Berry phase is defined in the other models. Let us consider a system in which an unit cell of a model consists of Q sites with the C Q symmetry, where C Q operation cycles the annihilation operators c j → c j+1 , c Q+1 = c 1 (j = 1, · · · , Q). In the system, the Berry phase is quantized in Z Q . In Ref. [48] , the quantization of the Berry phases for the hyper-tetrahedron models are shown. In the context of the higher-order topology, the correspondence between the Berry phases and the HOSPT phases for the models are discussed in Supplemental Material [49] . Here after, we look the correspondence for the extended BBH model. Physical consequences of the nontrivial Berry phase can be well-illustrated by considering two "decoupled" limits, namely, t 1 = 0, t 2 = 0 and t 1 = 0, t 2 = 0. In the former limit, the Hamiltonian is given by H = P ∈type−II h P , thus the ground state is nothing but the product state of the plaquette state, |Ψ II 0 = P ∈type−II ψ † P,2 ψ † P,1 |0 P , where ψ † P,1 and ψ † P,2 are the lowest and the second-lowest energy states of h P , respectively, and |0 P is the vacuum of P . We refer to |Ψ II 0 as the type-II plaquette state. Then, one can show that γ I = 0 since the Hamiltonian on type-I plaquettes is switched off in this limit, and that γ II = π = 2π · 1 2 , reflecting the fact that the Berry phase for the decoupled cluster corresponds to the filling factor multiplied by 2π (see Supplemental Material for details [49] ). Now, let us switch on t 1 . As far as |t 1 | < |t 2 | is satisfied, the bulk band gap does not close upon increasing t 1 , thus the Berry phase does not change even for finite t 1 . This implies that the ground state for |t 1 | < |t 2 | is adiabatically connected to the type-II plaquette state [ Fig. 1  (c) ]. One can also show that, if we start from the latter limit, i.e. t 1 = 0, t 2 = 0, the ground state is adiabatically connected to the type-I plaquette state, |Ψ I 0 as far as |t 1 | > |t 2 | is satisfied. Thus, the ground state has the Berry phase γ I = π [ Fig. 1(d) ]. We emphasize that the plaquette states discussed above are minimally decoupled states connected to the ground state of H 0 . Since the plaquette states cannot be adiabatically connected to the atomic insulator, they are the "reference states" of the HOSPT phase in the present model.
Having the decoupled picture at hand, the boundary states on the finite systems is naturally inferred, namely, if the ground state is connected to the type-η plaquette state and the type-η plaquette is cut off a the corner, there has to be a zero energy state at the corner which does not belong to any type-η plaquette. We demonstrate this picture for the model H 0 . Consider the system under the open boundary condition, whose corner configuration is chosen such that the type-II plaquette is cut off. In this model, the exact corner states can be constructed for |t 1 /t 2 | < 1 at any λ [ Fig. 1(e) ] [49] , whereas the corner state does not exist for |t 1 /t 2 | > 1, meaning that the phase transition form the HOTI phase to the trivial phase occurs at t 1 /t 2 = ±1. Turing to the system under periodic boundary conditions, the Z 4 Berry phase γ II becomes nontrivial for |t 1 /t 2 | < 1 [ Fig. 1(f) ], which completely coincides with the HOTI phase. Note that there is a relation between γ I and γ II such that γ I (t 1 /t 2 ) = γ II (t 2 /t 1 ), indicating the duality between type-I and type-II plaquettes. Considering these, we conclude that the bulk-boundary correspondence between the Z 4 Berry phase and the zero-energy corner states of the HOTI phase holds, thus the Z 4 Berry phase indeed serves as a topological invariant for the HOTI phase.
Interacting fermions.-We now turn to the results of the many-body systems. In this work, the many-body eigenvalues and eigenstates are calculated by the exact diagonalization using the lattice-model solver HΦ [50] . We begin with the BBH model with the NN repulsive interaction:
with H int = V ij n inj ;n i = c † i c i represents the density operator. We employ a finite system with N = L×L sites, and consider the half-filled case. For simplicity, we set λ = 0 in the following.
We have numerically confirmed that the ground state is unique for V ≥ 0 under the periodic boundary condition, which enables us to define the Berry phase by using the many-body ground state in the same way as in the case of non-interacting fermions. Note that, in the thermodynamic limit (L → ∞), the quantum phase transition to the charge density wave is expected to occur at V = V c upon increasing V , thus the following result for finite L will be valid for V < V c . In Fig. 2(a) , we plot the Berry phase for V = 0.4, as a function of t 1 /t 2 . Clearly, the Berry phases are quantized and the topological phase transition occurs upon changing t 1 /t 2 .
Similarly to the non-interacting-fermion analog, π-Berry phase indicates the topologically nontrivial state, or the HOSPT phase. Then, what is the consequence of the HO topology in the fermionic many-body system? To see this, we examine the spacial profile of the particle distribution of the charge excitation under the open boundary condition in both of two directions. The HOSPT phase is identified due to the following reasons. Let us recall that, for the non-interacting fermions, there are four (quasi-)zero-energy states localized at the corners, and for the half-filled system, two out of four corner states are occupied. Then, if the number of particles are increased from L×L 2 to L×L 2 + 2, the excess two particles occupy two unoccupied corner states, thus the occupation number will become 1 only at the corners, while it will remain to be 1/2 in the bulk. From this, observation, we expect that the similar behavior can be seen at finite V , i.e. in the HOSPT phase. Figure 2(b) shows the occupation numbers in the presence of two excess particles from the half-filling. We see that the occupation numbers at corner sites are enhanced, while the occupation numbers at bulk sites remain 1/2. This means that gapless excitations that are reminiscent of the corner zero mode of the HOTI in the non-interacting case are localized at the corner, as expected. We then conclude that the HOSPT phase which is characterized by the gapless corner excitation exists for the interacting BBH model, and the Z 4 Berry phase serves as a topological invariant as is in the noninteracting case.
Spin model.-Lastly, we consider the HOSPT phase in the spin systems. To be concrete, we study the spin- model analog of the BBH model [36] :
where S i is the spin operator of S = 1/2 at the site i, J ij = J 1 , J 2 are the exchange parameters on the NN bonds and ∆ is the Ising anisotropy; ∆ = 0 and ∆ = 1 correspond to the quantum XY model and the Heisenberg model, respectively. The spacial configuration of J ij is the same as that for the non-interacting-fermion analog, obtained by the replacement t 1 → J 1 and t 2 → J 2 . Th existence of the corner modes in the HOSPT phase is discussed by using Jordan-Wigner transformation in Ref. [36] .
To define the Berry phase, we again decomposed the Hamiltonian into the sum over the plaquettes and introduce the twist parameters as S 1), where |Ψ(Θ) represents the many-body ground state of the spin system. Figure 3 shows that the Berry phase γ II . Again, the clear change of γ II is seen, and γ η = π indicates that the state can be adiabatically connected to the irreducible cluster state on the type-η plaquette, i.e., the state is in the HOSPT phase. Interestingly, in contrast to the fermionic systems, the transition point for the XY model is deviated from J 1 /J 2 = 1, meaning that there is an intermediate phase where both of the Berry phases are equal to zero, which cannot be connected to neither of the decoupled cluster states. This can be artifact arising from the finite size effect, and identifying the nature of this phase requires further studies.
Summary and discussions.-We define the local-twist Berry phase for the C 4 symmetric square lattice models and have shown it is quantized in Z 4 . Then, we have demonstrated that the Z 4 Berry phase characterizes the HOSPT phases, which are adiabatically connected to the product states of the decoupled irreducible clusters. The bulk-corner correspondence in these systems is then naturally understood as a consequence that the boundary cuts the clusters such that the isolated site(s) appears. Numerical evidences of the above are presented for the free-fermion BBH model, the BBH model with the NN interaction, and the spin-model-analog of the BBH model. In all these systems, the Berry phases γ η = π corresponds to the HOSPT phase connected to the type-η plaquette state, and characteristic zero-energy corner excitations are observed correspondingly.
In this Letter, we have focused on the BBH-type models with the C 4 symmetry, and it is worth noting the protecting symmetries of the BBH model. It was argued that two mirror symmetries are enough to protect the HOTI phase [21, 33] , instead of the C 4 symmetry. If the C 4 symmetry is broken while two mirror symmetries are kept, the ground state can be adiabatically connected to the valence-bond-solid state on the strong bonds, which can be captured by the conventional Z 2 Berry phase [38, 41] . However, at the C 4 -symmetric point, the valence-bond state is not the irreducible cluster state since it does not respect the C 4 symmetry. Consequently, the Z 2 Berry phase becomes ill-defined, and we need to use the Z 4 Berry phase, which we introduced in this Letter.
Since the adiabatic connection to the irreducible cluster state is a ubiquitous property of the SPT phases, the characterization of the HOSPT phases by the Z Q Berry phase can applicable to wide class of models beyond the square-lattice models, such as the breathing kagome/pyrochlore models [44, 51] (see Supplemental Material [49] ). The Z Q Berry phase sheds new light on the physics of HOSPT phases.
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ZQ BERRY PHASES
Hyper-pyrochlore lattice models
Recently, it is found that the breathing kagome model and breathing Pyrochlore model have the higher-order topological insulator (HOTI) phase [22, 24] . In the HOTI phases, the models have mid-gap corner states, which is exactly solvable with certain boundary conditions [23, 25] . In this section, we show the correspondence between the Z Q Berry phases and the HOTI phases in the breathing kagome model and the breathing Pyrochlore model. The Su-Schrieffer-Heeger (SSH) model, the breathing kagome model and the breathing Pyrochlore are regarded as the d = 1, 2, 3-dimensional breathing hyper-tetrahedron (BHT) model, respectively, which have d + 1 sites in a unit cell. For the d-dimensional BHT model, the Z Q Berry phase is defined by introducing local-twist parameters and quantized in Z Q (Q = d + 1) [48] . The definition of the Berry phase for the d-dimensional BHT model is the same to that for a square lattice model shown in the main manuscript, but the number of twist-parameters is Q (for the detail of the definition, see Ref. [48] ). Note that the models in [48] are different from the model in [22, 24] by the on-site potential t 1 + t 2 but it does not change the Berry phase. The quantization of the Berry phase is protected by C Q symmetry, which change the annihilation operator c j → c j+1 , c Q+1 = c Q . The symmetry is the same to the mirror symmetry for d = 1 and the three-fold rotational (C 3 ) symmetry for d = 2.
The Berry phase of the type-II plaquette for the BHT models are shown in Fig. S1(d) . The Berry phases are quantized in Z Q for d = 1, 2, 3. The non-trivial Berry phase corresponds with the HOTI phase in which corner states appear [ Fig. S1(a)-(c) ].
Square lattice models
Next we add a detail about the quantization of the Berry phase in Z 4 for the square lattice model with the four-fold rotational (C 4 ) symmetry. In this section, we introduce four twist-parameters Θ = (θ 1 , θ 2 , θ 3 , θ 4 ) and a constraint (S1)
The C 4 operates the annihilation operators as c j → c j+1 , c 5 = c 1 . The operation change the flux ϕ j → ϕ j+1 , ϕ 5 = ϕ 1 . Although the U(1) global gauge transformation c j → e −iθ1 c j does not change the Hamiltonian, hence the change of the flux is equal to ϕ j → ϕ j − θ 1 . As a consequence, the C 4 operation permutates twist-parameters as θ j → θ j+1 , θ 5 = θ 1 and maps the trajectory If the system has the C 4 symmetry, the Hamiltonian H(L j ) (j = 1, 2, 3, 4) are the same up to gauge transformation. So one can get γ 1 = γ 2 = γ 3 = γ 4 ≡ γ. To combine with Eq. (S1), the Berry phase is quantized in Z 4 :
3. The ZQ Berry phase for a decoupled cluster
The BHT models and the BBH model in the HOTI phases are adiabatically connected to the decoupled clusters. The Berry phase for the decoupled clusters is the same to that for single cluster because the bond-twists only affect to the cluster and the other clusters are not changed.
In this section, we consider single cluster that consists of Q sites and the Hamiltonian of the cluster has C Q symmetry such that the Hamiltonian is unitary invariant under the cycle c j → c j+1 , c Q+1 = c 1 where c j (j = 1, · · · , Q) is the annihilation operators.
Let |Ψ be the many-body ground state. We define a Unitary operator
where 
The expectation value of the number operators are not changed by Θ :.
Let us introduce trajectories L j , j = 1, · · · , Q for the Berry phases,
where V j = 2πe j and {e j } are unit vectors of the parameter space. The vector G = 1/Q Q−1 j=1 V j is the center of the gravity of {V j }. We again have an equation Here, the total number of particles in the cluster, N = Q j=1 n j , is an integer, so γ 1 = n Q (mod 2π). Because of the C Q symmetry, the density of the particle is uniform
Here ν is a filling of electrons in a unit cell. Combining Eq. (S10), we finally find the Berry phase of the cluster limit is γ 1 = · · · = γ Q ≡ γ = 2πν mod 2π, n ∈ Z.
SQUARE LATTICE MODEL WITH NNN HOPPING
In this section we propose a HOTI model on square lattice with NNN hopping that have exactly solvable corner states. The tight-binding model is shown in Fig. 2 in the main text. Here we show a corner state are obtained in the model.
First we consider a lattice size of (2L x + 1) × (2L y + 1). In this case, an exact zero energy corner state is obtained: |ψ = 1 N m,n r m+n |2m + 1, 2n + 1 (S13)
Here, N is a normalization factor, r = −t 2 /t 1 and |i, j is a basis localized at position (i, j). One can show that the state is zero energy eigen state H |ψ = 0. When |t 1 | < |t 2 |, the corner state is localized at (1, 1) with localization length 1/log|r|. If the lattice size for both x and y axes are odd, an exact zero energy state (Eq. (S13)) is obtained. For the even case, there are four corner states and the energies of them are not exactly zero in a finite system [ Fig. S3 ]. But when the system size is large enough, the exact zero energy state in Eq. (S13) gives a good approximation to the corner states because the exact zero energy state exponentially decays for distance from a corner and the four corner states are orthogonal each other, except the phase transition points.
FIG. S3. The single particle energy against t1/t2 with fixed λ = 0.2. The red line denotes the corner localized states. The phase transition points are t1/t2 = ±1.
